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A. Proof of the Kramers-Kronig Relations

Let us take a look at deriving the Kramers-Kronig relations for the case of a susceptibility. We start with a
susceptibility function which is analytic in the upper-half of the complex plane, x(w). X is a susceptibility and it must
represent the Fourier transform of a time-dependent response in time, which is causal. The relationship between the
field E and the resulting polarization (or force) is given as follows : F= x.E. Invoking the Cauchy theorem, we have

the result for the integral :
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This result relies on the assumption that the y(w') — 0 faster than 1/(w’-w). In order to evaluate the integral above,
we need to construct a contour in the complex plane, which is depicted in the plot of Figure 1.
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FIG. 1: (Color Online) Integration contour for evaluating the Kramers-Kronig relations.

We break up the Cauchy integral, in the following way :
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In order to relax the integral path to the real axis, we can re-parameterize the frequency w —w=¢c e’ we take the
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limit whereby € — 0, R— oo and we write :
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Rearranging this above expression, we have the following :
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Inserting the real and imaginary parts for the susceptibility function, we use the following :
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from which come the Kramers-Kronig relations ;
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We can multiply by the factor (w/ +w)/ (w, +w), and use the property of the oddness of functions ffooo (oddfunction) =
0. We have the more useful, semi-infinite
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B. Connection between the principal of causality, analyticity and the Kramers-Kronig relations

We start wjth a response function of a system in the time domain which is at the limit of a causal response,
o(t) =0(t —t ), where 6(¢) is a Heaviside step function. The plot of o(¢) is given below in the time domain We can

FIG. 2: (Color Online) Integration contour for evaluating the Kramers-Kronig relations.

take look at this response function in the frequency domain by taking the Fourier transform function.
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We now go about using the integration by parts method ([ udv = wv — [wvdu) to perform the calculation for this
Fourier integral and we write the integral as follows :
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